436

AJAA JOURNAL

VOL. 25, NO. 3

Spectra of Noise and Amplified Turbulence
Emanating from Shock-Turbulence Interaction

Herbert S. Ribner*
University of Toronto, Downsview, Ontario, Canada

and

NASA Langley Research Center, Hampton, Virginia

This work is a small extension of our NACA studies of the early 1950’s that predicted amplification of tur-
bulence on passing through a shock wave (observed for turbulent boundary layers), as well as the generation of
intense noise (observed for supersonic jets). There is a brief review of aspects of the basic theory: 1) the interac-
tion of an infinite planar shock with a single three-dimensional spectrum component of turbulence (an oblique
sinusoidal ‘‘shear wave’’); and 2) parts of the three-dimensional spectrum analysis necessary to generalize the
scenario to the interaction of a shock wave with convected homogeneous turbulence. The original calculations
yielded curves vs Mach number of rms sound pressure, temperature fluctuation, and two components of tur-
bulent velocity downstream of the shock; those for isotropic preshock turbulence (arbitrary spectrum) are
reproduced herein. For the particular case of the von Karman three-dimensional spectrum the present study pro-
vides, in addition, the one-dimensional power spectra (vs wavenumber or frequency) of these quantities. Ratios
of the several postshock spectra to the longitudinal preshock turbulence spectrum (ome-dimensional) are

presented graphically for a wide range of Mach numbers.

Nomenclature

=1.3390, pure number

=55/(18wa), pure number

=pre- and postshock sound speeds, respectively

= critical sound speed

=nondimensional wavenumber vector [K;, K,, K;
or K, 0+ (n/2), ¢, Fig. 1; also K, K|, 6+ (7w/2),
Fig. 2]

=k/dL, actual wavenumber vector

=longitudinal scale of turbulence

=U,/cy4, preshock Mach number

= U/¢c, postshock Mach number

= transfer function relating dp” to du

=ambient pressure

= pressure perturbation

= transfer function relating d7’ to du

=ambient temperature

=cylindrical coordinates for components of K and
dz

=pre- and postshock stream velocity, respectively

=nondimensional components of velocity perturba-
tion in directions X|,X,,X3, respectively (actual
components/c*)

=nondimensional field point vector (X;,X,,X3),
Fig. 1; X, is L shock

= X4aL, actual field point vector

= transfer function relating du’ to du

=(complex) wave amplitude associated with
o=u,r,o,7’,p", etc.

=ratio of specific heats (taken as 1.4)

=polar angle of dZ; 6+ (w/2)=polar angle of K
(Figs. 1-3)

=critical angle separating evanescent and nonevan-
escent pressure waves
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P40 = pre- and postshock fluid density, respectively

7’ =temperature perturbation

fol =azimuth angle of K (Figs. 1 and 2)

®, =one-dimensional spectral density associated with
c=u,v,u’,7’',p”, etc.

2] =radian frequency (2= X frequency)

Superscript

() = actual dimensional quantity

Introduction

NALYTICAL studies of three-dimensional disturbances

convected through, and interacting with, a shock wave
seem to have commenced in the early 1950’s.1-* The disturb-
ances were waves of 1) vorticity, 2) entropy, or 3) sound;
they were in the form of oblique planar, usually sinusoidal,
patterns. Any one such wave encountering the shock would
generate all three kinds on the downstream side. It was
pointed out by Ribner!:$ and by Batchelor’ that the vorticity
waves (called therein ‘‘shear waves’’) were three-dimensional
Fourier components of arbitrary incompressible flows, e.g.,
weak turbulence (see also Moyal®).

The initial papers'~* treated the interaction of individual
waves of arbitrary inclination with an infinite plane shock; the
analyses were linearized in terms of wave amplitude. A later
paper® developed the comprehensive three-dimensional spec-
trum analysis necessary to describe the interaction of tur-
bulence with a shock; the earlier single-wave results were the
“‘building blocks.”” Calculations were carried out for rms
values of turbulence velocity components, temperature, and
pressure (sound) fluctuations downstream of the shock,
assuming either isotropic or axisymmetric preshock tur-
bulence. The plotted curves showed that velocity components
of the postshock turbulence would be amplified as much as
45% relative to preshock levels. Recent measurements do
display the phenomenon of amplification (e.g., Refs. 9 and
10).

The calculation of such turbulence amplification on
passage through a shock has received renewed attention in
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recent years.'!'"'> The term ‘‘turbulence’ in this context is,
however, a misnomer: these papers have reverted to dealing
with a single three-dimensional spectral component of tur-
bulence. They oversimplify in interpreting the single-wave
results as representative of the broad spectrum of waves con-
stituting turbulence. On the other hand, two of them!>!
pioneer in the application of numerical integration of the
Euler equations to the single-wave shock-interaction prob-
lem. By coping with nonlinearity, they test the range of ap-
plicability of the results of the linear analysis.

Some other studies based on the same fluid dynamics, but
quite distinct in orientation, may be noted. These relate to
the passage of a columnar vortex broadside through a planar
shock wave: a cylindrical sound wave appears on the
downstream side, partly cut off by the shock, as well as a
modified vortex. The single-wave (single Fourier component)
results of, e.g., Ref. 1, can serve as the “‘building blocks”’ to
compute this sound wave in detail.'*!> Unlike the shock-
turbulence interaction problem, which is stochastic, this
phenomenon is deterministic (and is more readily verifiable
by experiment!®!7), Nevertheless, the underlying analytical
framework is the same. Both problems have been considered
relevant to the generation of ‘‘shock noise’” by turbulence
passing through the shock pattern of a supersonic jet.%!518

It appears then that, despite other results both old and '

new, the only genuine calculations of turbulence interacting
with a shock wave are those of the early Ref. 6. But these, as
noted previously, have been limited to rms values of the rele-
vant disturbances: there are no computed spectra. The pres-
ent study is an extension of that paper in a very limited
sense; it seeks to provide the one-dimensional power spectra
(vs wave number or frequency) of velocity, temperature, and
pressure perturbations. The procedure is one of numerical
integration of the corresponding three-dimensional spectra.
These are adapted from Ref. 6 with the three-dimensional
spectrum of the preshock turbulence specified.

Shock-Turbulence Interaction
Transfer Functions Connecting Fourier Components (Deterministic)

A snapshot of an arbitrary flowfield may be represented
by a Fourier-Stieltjes integral in three dimensions as

u(X)={du={dZ,(K)exp(iK-X); K=K,,K,,K;
v(X) ={dv={dZ,(K)exp(iK-X); |K!|=K=2x/wavelength

w(X)={dw={dZ, (K)exp(iK-X); X=X,X;,X; 1)

SHOCK PLANE

Fig. 1 Perspective view of shear wave (three-dimensional spectral
component of turbulence) in relation to reference frame. Note that
dZ is not in general in the plane of K and U.
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This integral is effectively a superposition of plane sinusoidal
waves with wavenumber K normal to the planes of constant
phase; variation of K implies a distribution of wavelengths
and orientations. We can apply this format to weak, essen-
tially ‘‘frozen’” turbulence (a pattern with negligible time
dependence); this will behave aimost incompressibly, gov-
erned by

du N Jdv N ow
X, 04X, 04X,

=0 )

even though convected at high speed. Applying this con-
straint to Eq. (la) shows that the amplitude dZ and
wavenumber K are orthogonal:

K,dZ, +K,dZ,+K,dZ,=K-dZ=0; dZ=dZ,,dZ,,dZ, (3)

Thus an individual wave is transverse; it may be interpreted
physically as an oblique sinusoidal wave of shearing motion
(Fig. 1).

Such a wave, when convected into a shock, interacts in a
predictable fashion according to linear theory!'™*: a ‘‘re-
fracted”” shear wave, a superposed entropy wave, and a
pressure wave emerge on the downstream side. If the initial
pattern of waves (upstream turbulence) is known only
statistically, then the downstream pattern (modified tur-
bulence, entropy ‘‘spottiness,”’ and noise) can be determined
statistically. That is, spectra, correlations, and mean square
values can be calculated.

To this end, we incorporated the deterministic single-wave
relations! into a comprehensive spectrum analysis in three
dimensions® for homogeneous turbulence. A brief account
of relevant parts of the development is given below. The
physical quantities are normalized so as to be nondimen-
sional: u,u,w, etc.=velocity components/critical sound
speed c¢*; p” =pressure perturbation/ambient P, and
7’ =temperature perturbation/ambient 7. (But addition of a
superscript () to u, p”, 7', etc., removes the normaliza-
tion.)

It will be convenient to re-express the velocity field of an
incident plane shear wave (Fig. 1) in cylindrical coordinates
as (see also Fig. 2 where the wave is viewed edge-on)

(du,dv,,dv,) = (dZ,,dZ,,dZ, )exp(iK - X) (4)

where du is parallel to X; (normal to the shock), du, is
parallel to r, and dv, is perpendicular to r and X, in the
direction of increasing ¢. The planes of constant phase K- X
(=k-x, see below) = const make an angle § with the X, axis.
Herein the wavenumber K and position vector X are non-
dimensional; they are formed from their dimensional
counterparts k and x as

K=kal; L =turbulence longitudinal scale
X=x/aL; d=pure number (5)
respectively.

Figure 3 shows the results of the encounter of the incident
wave, Eq. (4), with the shock. The three waves that appear
on the downstream side are as follows:

Refracted shear wave, with X| component (other com-
ponents are of no concern here)

du’ =dZ; (K" )exp(K'-X);  dz,=Xdz, (6)

Entropy wave, aligned with refracted shear wave

dr’=dZ; (K’ )exp (iK' - X); dZ=TdZ, )
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Sound wave

dp” =dZ, (K" )exp(iK" - X); dZ,) =PdZ, ®)
The planes of constant phase K’-X=const and K”-X
=const make angles 8’ and 0", respectively, with the X,
axis or shock normal (Fig. 3). These angles are functions of
the angle 6 of the incident wave (and of the Mach number).
For 18| in the range from zero to a critical value 6, the
pressure wave decays exponentially with distance from the
shock (in proportion to wave number): such waves are called
‘“‘evanescent.”” For 0] in the range from 6, to =/2, the
wave shows no decay and is called ‘‘nonevanescent’’ herein.

The right-hand set of equations relates the respective
amplitudes of the downstream wave components with that of
the initial longitudinal shear wave component dZ,. The
transfer functions X, T, and P are all dependent on the inci-
dent wave angle 6, as well as Mach number M; they are the
results of a gasdynamic analysis carried out in Ref. 1. Funec-
tional expressions, taken or adapted thereform, are given in
Appendix A. The transfer functions are quite different in the
regimes 0 to 6, and 6, to =/2; in particular, the form of P
dictates evanescence in the former and nonevanescence in the
latter.

Three-Dimensional and Qune-Dimensional
Power Spectra (Stochastic)

For application to a stochastic field such as turbulence, it
is necessary to go over to statistical relations. If we form an
ensemble average for waves of different wavenumbers K and
« in respective ranges d>°K and d*«k, it is easily proved that

dZ,(K)dZ}(x) = [uu]d(x—K)d*Kd3« )

if the turbulence is homogeneous.®'? The quantity [uu] is a
special symbol for the three-dimensional spectral density of
u? in wavenumber space K. The vanishing of §(x—K) for
x# K implies that waves of different wavelengths or inclina-
tions (since x and K are vectors) are statistically independent.

The integral of Eq. (9) over « space may be written, by vir-
tue of the 6 function, as

dZ,(K)dZ} (K) = [uu]d*K (10)

In similar fashion, we can develop corresponding expressions
for the three-dimensional spectra [u'u’], [7'7], [p"p"],
etc. The integral of Eq. (10) over K space is u?,
that of [7/7’] over K’ space is 7'2, and so on.

Xz

Fig. 2 Projective view of shear wave in relation to reference frame.
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Application of these procedures to Eqs. (6-8) leads to®
=[ifluu]d*K

W= 1K = 1R (i 42K

2=l 1EK ={f§ ITI?[uu] 3K

P 2={ilp"p" 1EK" ={{1PI1*[uu] ’K an

where the integration limits are +o in K,,K,,K;.

We shall limit attention to axisymmetric turbulence, with
main emphasis on the special case of isotropy. This and the
axisymmetry of the shock interaction process led us in the
earlier material® to employ cylindrical coordinates. In these
coordinates,

d3K = d¢K,dK,dK, (12)

A first integration with respect to d¢ then yields a factor 2,
so that

ngmm S: (uu] K,dK,dK, = S: ®, (K,)dK,
2150000 S: %12 [uu] K,dK,dK, = S: ®,. (K,)dK,
ZWSWOO &: |72 [uu] K, dK,dK, ES:, ®_ (K,)dK,
S: S: P12 [uu] K, dK, K, ES: &, (K,)dK,
(13)

respectively.

The one-dimensional spectra @, ®,., ®,., and $,. are ef-
fectively defined in Egs. (13) in terms of integrals over K, ;
these involve the longitudinal three-dimensional power spec-
tral density [uu] and the respective transfer functions 1, X,
T, P that quantify the shock interaction process. As for-
mulated, all four spectra are functions of the preshock
longitudinal wavenumber K. This is convenient and puts
them on a common basis. Moreover, K, is proportional to
radian frequency w in the form

K, =wdl/U, (14)

[This follows from k, =w/U, and the definition, Eq. (5),
connecting the two £’s.]

Although the interaction process of Fig. 3 conserves K,
but not K, (K, ¢K1 #K\"), the frequency w is invariant
(w=w’'=w"). That is, an observer perceives the same fre-
quency as each of the wave patterns moves past. This is, of

ENTROPY
. \\

SHEAR-ENTROPY
WAVE

s
PRESSURE
SHOCK

Fig. 3 Interaction of shear wave and shock. View in X, r plane.
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course, a necessary result for a statistically steady process. A
geometric analysis formally confirms the invariance of w.

Isotropic Preshock Turbulence

For evaluation of the one-dimensional spectra of Egs.
(13), the three-dimensional longitudinal spectrum [uu] of
the input turbulence must be specified. The von Karman
spectral model (called 6, in Ref. 20) is chosen; in our nota-
tion it is

— BK?

— 1,2 r
) = v K+ KA 7 (1

B=55/(187a), a=1.3390

where the longitudinal scale L of the turbulence is incor-
porated in K=kaL. The pure number ¢ is a normalizing con-
stant chosen so that

S_w dK, SO (uu]2xK,dK, = u? 16)

For numerical evaluation of the one-dimensional spectra,
it will be convenient to express the cylindrical wavenumber
component K, in terms of the longitudinal component K,
and the polar angle 6+ n/2. This will replace the infinite
range in K, by a finite range in 0. It will also be easier to in-
terpret the integral in terms of the geometry of Fig. 3.
Following Ref. 6 [Eq. (56)], we put (Figs. 1 and 2)

K, = —K sind, K, =K cosfl cos¢

K; =K cosf sing, K,=VvK3+K}= K|l cotd
dK, = IK; | csc20dé a7n
Inserting Eqs. (15) and (17) into Egs. (13) gives, after some

reduction, the following format for evaluation of the one-
dimensional spectra:

®,(k;) B Sm 2 cos?6do
W K3 Jo ' Sin%0[b’ +cot20]1776

(18)

where

b =(+KN/K}

X 16 _
%.. —
£ L2 TURBULENCE
m N
x ENTROPY
E 8 “SPOTTINESS A
ol “—~NOISE
» 4 4
2 7L A
= PRESSURE ]

O T 1 1 1 L 1 i 1 2 —1

i 2 3 4 5 6

SPEED RATIO, M

L

[a L I

[LIL25 15 2 25 3 4 6 @
UPSTREAM MACH NUMBER, M

Fig. 4 Amplified turbulence and other disturbances produced
downstream of shock by interaction with isotropic turbulence.
Preshock turbulence intensity 1%. Rms velocities in percent of ini-
tial stream velocity; rms temperature and pressure (neise) in percent
of ambient.
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and

for i=u,u’,7',p", I‘,:l,f(T,P
These express the general form to be integrated numerically
for the shock interaction products in the present case, namely,
isotropic preshock turbulence with statistics described by the
von Karman three-dimensional spectrum.

One-Dimensional Spectra of v> and v’?

The one-dimensional power spectra of the cross-stream
component velocity on the two sides of the shock involve a
less straightforward derivation. An analysis and correspond-
ing one-dimensional spectra of ©?> and v’? computed
therefrom are given in Ref. 21; also treated there, are several
other topics not included here for lack of space.

One-Dimensional Spectral Ratios: Lack of Uniqueness

The component of turbulent velocity normal to the shock,
called u herein, has a central role in the analysis. The three-
dimensional spectrum of #? governs the shock interaction ef-
fects, and the resulting one-dimensional spectra are conve-
niently scaled to u?. Suppose, however, that we scale these
one-dimensional spectra to the one-dimensional spectrum of
u?: then this ratio in each case may be regarded as a sort of
“‘power spectrum’’ transfer function; it will be a function of
K. These quantities have been evaluated here only for the
von Kdrmdn three-dimensional preshock spectrum, a par-
ticular case of isotropic turbulence. The question may now
be asked, how much will these spectral ratios change with
changes in the preshock spectrum? For lack of space, this
question is passed over here; the interested reader is referred
to Ref. 21 for a comparative calculation based on axisym-
metric preshock turbulence.

Results and Discussion
Rms Values of Postshock Disturbances, and Noise in Decibels

Figure 4 gives the variation with upstream Mach number
of the various shock interaction products for a specific
scenario: the preshock turbulence is isotropic with an intens-
ity of 1% of freestream. The curves display rms perturbations
of longitudinal velocity u and lateral velocity v or w in per-
cent of initial stream velocity, and of rms temperature and
pressure (noise) in percent of ambient. The figure is adapted
from Fig. 4 of Ref. 6. The curves represent, in effect, the in-
tegrals with respect to K, of the respective one-dimensional
spectra, that is, the integrals displayed in Eqs. (13). (The ac-
tual procedure, however, bypassed the one-dimensional spec-
tra and employed only the specification of preshock
isotropy. The results are independent of the preshock spec-
tra, three- or one-dimensional, so long as they are consistent
with isotropy.)

T T T T T T T T T

| TURBULENCE,
160 PERCENT

140+ 4
120 1

100

o3}
.O
L

NOISE PRESSURE. LEVEL, dB
T \

SPEED RATIO, m

L L L L

I 125 1.5 2 25 3 4 3 @
UPSTREAM MACH NUMBER, M

L

Fig. 5 Noise generated by shock-turbulence interaction (isotropic
turbulence) on a decibel scale. Postshock ambient pressure, 1 atm.
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The amplification of both the longitudinal and lateral
components of the postshock turbulence is evident; it reaches
some 45%, as noted in the Introduction, for the lateral com-
ponent at high Mach number. The other iwo curves in Fig. 4
refer to the temperature and pressure fluctuations, respec-
tively. (These are both spatial and temporal: rms values are
the same from either point of view.) In first-order, these are
absent from the postulated upstream flows. (Extremely weak
second-order pressure and isentropic temperature fluctua-
tions are associated with the specified 1% preshock
turbulence.) o

On an acoustical basis, the pressure fluctuation (noise)
generated by the shock-turbulence interaction is very intense.
This is shown in Fig. 5, where the noise level in decibels cor-
responding to Fig. 4 is plotted vs Mach number. The defini-
tion is ' ‘ '

dB=20 logm(\/p”z/ﬁref); Pref =2x 10" %atm (19)
when the postshock ambient pressure is taken as 1 atm. For
1% preshock turbulence, the postshock noise level is
predicted to exceed 140 dB for all preshock Mach numbers
above 1.05. ‘

One-Dimensional Spectra

Figure 6 displays: normalized (nondimensional) one-
dimensional power spectra calculated from the equations
presented herein; the scenario is isotropic turbulence,
governed by the von Karman three-dimensional spectrum,
being convected by an M=1.25 flow into a normal shock.
The five spectra are o

&, (K,)/i? longitudinal component of pre-
shock turbulence
i)u,(Kl)/ﬁ longitudinal component of post-
shock turbulence
& (K))/ 72 temperature fluctuation
pressure fluctuation just down-
stream of shock (acoustic near
field)

(&, (K\)/P] 4

[Ci)p” (Kl)/ls2]X:m pressure fluctuation far down-

stream of shock (acoustic far field) .

The pressure field (noise) decays from an extremely high
value just downstream of the shock (X'=0) to an asymptotic
lower valué (still very intense -acoustically) far downstream
(X =00). Figure 6 shows a major difference in their spectral
content: the X =0 near field is dominated by low frequen-
cies, decaying asymptotically like K 3% beyond K; =3. The
X =00 far field is very deficient in low frequencies; on a
linear scale it has a bell-shaped spectrum, peaking near
K, =1, but with the same asymptotic decay (the Kolmogorov
K %3 law) beyond K, =3.

Postshock/Preshock Spectral Ratios

Figure 6 applies for M=1.25; a series of such figures
could be presented for a wide range of Mach numbers. A
much neater alternative, however, is to take the ratio of each
of these spectra at each value of K, to the ®,/u? spectrum.
This ratio, as has been mentioned earlier, could be regarded
as a sort of transfer function connecting the pair of spectra.
In this format, the variation with Mach number can be
discerned much more systematically.

Figure 7 presents such spectral ratios: it relates the
postshock to the preshock longitudinal component of tur-
bulénce (the #?2 divisors cancel) for a series of Mach numbers
M. For convenience, the curves are normalized by factors
Z(M) (tabulated on the figire) to force agreement with the

AJAA JOURNAL

Fig. 6 Normalized one-dimensional power spectra of some of the
shock interaction products whose rms values are given in Fig. 4, plus
one other (see text). Mach number M'=1.25 only.

Fig. 7 Ratio of one-dimensional spectra for isotropic preshock tur-
bulence: postshock longitudinal component/preshock longitudinal
component. ’

M=1.25 curve at K, =1; this makes the family of curves
much more compact. It is seen that increasing Mach number
enhances the low frequencies of the longitudinal component
of the postshock turbulence.

Figure 8 gives the spectral ratios relating postshock
temperature fluctuation (arising from entropy ‘‘spottiness’
generated at the shock) to preshock longitudinal component
of turbulence. It is evident that the low frequencies in the
temperature field are somewhat enhanced compared with
those of the turbulence field. The variation is not, however,
monotonic with Mach number: there is a foldover of the
curves with increasing M. '

Figures 9 and 10 give the spectral ratios relating the near
field and far field pressure fluctuations (noise), respectively,
to the longitudinal component of the preshock turbulence.
Here again, as in Fig. 6, it is seen that above M=1.25 the
acoustic far field is very deficient in low wavenumber con-
tenit; that is, the shock-turbulence interaction process,
although an extremely powerful noise generator overall (Fig.
5), is, except for weak shocks, relatively inefficient at low
frequencies. )

We conclude with a caveat concerning application of the
present theory in the weak shock or low supersonic M
region. Validity will be limited to correspondingly weak tur-
bulence such that the linearized shock jump conditions used
in this type of analysis'* are not violated. '
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Fig. 8 Ratio of one-dimensional spectra for isotropic preshock tur-
bulence: postshock temperature fluctuation/preshock longitudinal
component of turbulence (both normalized).
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Fig. 9 Ratio of one-dimensional spectra for isotropic preshbck tur-
bulence: near field noise (X =0)/preshock longitudinal component
of turbulence (both normalized).
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Fig. 10 Ratio of one-dimensional spectra for isotropic preshock
turbulence: postshock far field noise (X = co)/preshock longitudinal
component of turbulence (both normalized).

_ Appendix A:
General Relations and Transfer Functions

The upstream (preshock) Mach number M and the inci-
dent wave inclination 6 (Figs. 1-3) are specified. These dic-
tate a virtual Mach number W. A number of general rela-
tions are independent of the magnitude of W; the remainder,
notably the transfer functions, take different functional
forms, depending on whether W<1 or >1. The ratio of
specific heats v is taken as 1.4. (For formulas in terms of 7,
see Ref. 6.)
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General Relations

M =specified

m  =6M*/(M*+5)

M, =NOL+5/0M 1)
0 = specified
9’ =tan~!(m tanf)

W =M,/cosb’

g =1-M2
g, =NT-W2l
u =tan~1(1/8,,)

8, =cos'M,

. =cot™!(m cotd)

00 =9l —x/2

6" = —tan~![M? tand’/B?]

=0 —u

Transfer Functions

W=10=< 181 <6_)

441

for W=<1

for W=1

W=10, < 18l <x/2)

cr —

P - 2.8pVm P
(2.4m—0.4) cosf cosb’

X ep

_ (cos) Vet +d?
= 5

w o—KXB,/82

T =+(atanf—1)2+ (btand): T
X [0.8(m—1)?

+[(2.4m—0.4)Vm] | e®r

8, =tan—!(—B/A) 3,
8, =tan-'[b/(cotd—a)] 5y
¢, —d tanf’
6, =tan~! -a%—m 8,
X =[S cosb’/cosf]eds X
¥ =[S sing’ /sing]e’s Y
S =A%+ B%*/m) cosb S
A =sechd’ +2(m—1) cosh’ A
+ (a/m) (m—1)? sing’
B =(b/m)(m-1)? sind’ B

=no change (n.c.)

cosf sing

m cos®”

=n.c., with b=0

=n.c.
=n.c.
=n.c., with B=0

=1.C.
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w=l0<101<6,) W=10, < 16l <7/2)

¢ =D'a/m—-F’ ¢ =n.c.

d =D'b/m d =0

a/m = (CE+ DF)/(C?+D?) a/m=(C"+GF’)
+(E'"+GD")

b/m=(CF—DE)/(C*+ D% b/m=0

C =[(1/6)+2m/3] tanf’ C’ =(m/3)-2{1
- (W[ (m—=12+(m—1) +(m—1) cos?8’ ]
+1.2] sin28’

D =D'B,/B? D =not used

D' =(m—-D[1+(m—-1)cos?’] D' =n.c.

E =2—(m/3)+2(m—1) E' =F (m-1)/2
X (82,/8%) cos?9’ —(1+2m/3)tang’
F =F3,/8 F  =not used
F =(m~1)sin20’ F’ =n.c.
G =not used G = —tand”

[Note: Errors have been found in one or the other of the
two versions of Ref. 6 from which the preceding expressions
are taken or derived; these occur in several equations and in
the list of symbols. Those that are applicable have been cor-
rected. Some other errata are corrected in Appendix D of
Ref. 21.]

Appendix B: Oblique Shocks

The analysis and results, on a wavenumber basis, may be
applied to oblique shocks by the usual procedure. The
equivalent normal shock transformation

M=M, cosy or Uy=U, cosy (B1)
is made, where M, is the upstream Mach number, and ¢ is
the oblique angle between the shock normal and the
upstream flow direction. In Figs. 4 and 5, the designation
““1% preshock turbulence’” is now to be interpreted as
“(siny') % preshock turbulence.”

The interpretation of all figures in terms of wavenumber
K, is unaltered. The proportionality of K, to frequency,
however, does not carry over to the oblique shock caset: Eq.
(14) is inapplicable. If K, is the component wavenumber
along the stream velocity U,, then Eq. (14) is replaced by

R\ =wil /U, (B2)

Thus for oblique shocks one-dimensional sprectra should be
in terms of K,, not K, to be interpreted as frequency spec-
tra. This would entail a rotation of axes (through angle y)
and a double numerical integration. The appropriate integral
is developed, but not evaluated, in Ref. 21.

tAn exception is the case of ®,(K,) for isotropic preshock
turbulence. '
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